Abstract. In the article [AF08] we showed that for a special class of perturbations of the Rabinowitz action functional critical points give rise to leaf-wise intersection points. In this article we prove existence of infinitely many leaf-wise intersections points for generic Hamiltonian functions on simply connected cotangent bundles. Along the way we prove that the perturbed Rabinowitz action functional is generically Morse as we announced in [AF08].
Main Result
We consider a closed hypersurface Σ ⊂ (M, ω = dλ) in an exact symplectic manifold (M, ω) such that (Σ, α := λ |Σ ) is a contact manifold. Moreover, we assume that Σ bounds a compact region in M and that M is convex at infinity, that is, M is isomorphic to the symplectization of a compact contact manifold at infinity. Σ is foliated by the leaves of the characteristic line bundle which is spanned by the Reeb vector field R of α. For x ∈ Σ we denote by L x the leaf through x. Furthermore, we denote by Ham c (M, ω) the group of compactly supported Hamiltonian diffeomorphism φ H generated by smooth, time-dependent Hamiltonian functions H.
Given φ H ∈ Ham c (M, ω), a leaf-wise intersection point of φ H consists of x ∈ Σ with φ H (x) ∈ L x . These were introduced and studied first by Moser [Mos78] . For the history of the problem we refer the reader to [AF08] .
Let (M, Σ) = (T * L, S * g L) be the (unit) cotangent bundle of a closed manifold L with respect to the Riemannian metric g. We denote by H g the set of smooth, time-dependent Hamiltonian functions for which there exist infinitely many leaf-wise intersection points of φ H . Theorem 1.1. Let L be simply connected. Then for a generic metric g the set H g is generic in C ∞ (S 1 × M ).
The Rabinowitz action functional and leaf-wise intersection points
We consider here a more general set-up, where we drop the assumption of Σ being of contact type. Definition 2.1. A pair (F, H) of Hamiltonian functions F, H : S 1 × M −→ R is called Moser pair if they satisfy and F is of the form F (t, x) = ρ(t)f (x) for some smooth function ρ : S 1 −→ S 1 with ρ = 1 and f : M −→ R. Finally, we require 0 to be a regular value of f .
We refer to a function F of the form F (t, x) = ρ(t)f (x) as in the previous definition as weakly autonomous. For a Moser pair (F, H) the perturbed Rabinowitz action functional is defined by A
where
We observed in the paper [AF08] that critical points of A F H give rise to leaf-wise intersection points. These were introduced and studied first by Moser [Mos78] . For the history of the problem we refer the reader to [AF08] . By definition of a Moser pair the critical point equation for (v, η) implies that
This precisely means that v(0) is a leaf-wise intersection point on the hypersurface f −1 (0). We denote by H : , 1]. We fix an weakly autonomous F (t, x) = ρ(t)f (x) with the additional property that 0 is a regular value of f and such that F has time support in t ∈ [ [CFP08] . The proof of the genericity of the Morse property follows a standard scheme once it is shown that a certain linear operator is surjective. This operator is composed out of two summands. One is the Hessian of A F H and the other comes from the variation in H. Without restrictions on the time support surjectivity follows essentially directly from examining the second summand. In the situation of this paper this fails and we crucially use the Hessian. Theorem 2.2 was announced in the article [AF08] and has the following corollary.
Corollary 2.4. Let Σ = f −1 (0) be of restricted contact type. Then for a generic Hamiltonian function H ∈ C ∞ (S 1 × M ) with Hofer norm less than the minimal period of a (in M ) contractible Reeb orbit the number of leaf-wise intersection points of φ H is at least as big as the sum of the Betti numbers of Σ.
Proof. This follows immediately from Theorem 2.2 together with [AF08, Theorem B].
On Σ = f −1 (0) we have the characteristic line bundle given by the degenerate directions of ω| Σ . The set of closed characteristics is denoted by R. Critical points of the Rabinowitz action functional give rise to leaf-wise intersection points. This correspondence is in general not 1-1, though. Indeed, if the leaf-wise intersection point lies on a closed characteristic it gives rise to infinitely many critical point. On the other hand if this possibility is excluded there is a 1-1 correspondence. That this is generically the case is the content of the following theorem.
Theorem 2.5. For generic f the set
is generic in H.
The Hessian of the perturbed Rabinowitz action functional
The main difficulty to prove Theorem 2.2 lies in finding a manageable description of the Hessian of A F H . The computation proceeds in various steps.
3.1. The area functional. The area functional on the loop space L of the exact symplectic
In particular, the critical points of A are the constant loops. At a critical point v 0 we have
M is a fixed vector space, i.e. we do not need to choose a connection. The Hessian of A computes to
Integration by parts shows that the Hessian is indeed symmetric.
3.2. The perturbed area functional. Let H :
thus, critical points satisfy ∂ t v = X H (t, v). To compute the Hessian of A H we pull back the functional A H to the space
where φ t H is the flow of X H . This is done via the map
We set
and compute
(3.9) Thus, critical points of A H are constant as they ought to be. Therefore, the Hessian is
If the Hessian is degenerate if and only if there existsŵ 1 = 0 s.t.
This holds if and only if ∂ tŵ1 = 0, thusŵ 1 = w 0 = 0. Sinceŵ 1 ∈ T w L H it satisfies the equationŵ
Thus, the Hessian of A H is degenerate if and only if there exists an eigenvector of dφ 1 H (w) with eigenvalue 1. Since Φ H is diffeomorphism the same is true for A H .
3.3. The perturbed Rabinowitz action functional. Let H, F : S 1 × M −→ R be smooth functions. We define
and for convenience
Hence at a critical point
As in the previous section we use the map
Then according to formula (3.9) we have
where F = F • Φ η 0 F +H . Let (F, H) be a Moser pair, see Definition 2.1. Then we have
where in the second and third equality we used the special time dependence of the Moser pair, and in the fourth equality we used that F is weakly autonomous, in particular, F is constant along it's flow. Thus, the Hessian of A F η 0 ,H simplifies as follows (again integrating by parts)
3.4. The linearized operator. We denote by 
In fact, L (w 0 ,η 0 ,H) is surjective when restricted to the space
Proof. The reason why we consider the L 2 -Hessian instead of the W 1,2 -Hessian is that the L 2 -Hessian is a self-adjoint Fredholm operator. Therefore, the operator L (w 0 ,η 0 ,H) is Fredholm, and it suffices to prove that the annihilator of the image of L (w 0 ,η 0 ,H) vanishes, since L (w 0 ,η 0 ,H) has closed range. Let (ŵ 2 ,η 2 ) be in the annihilator of the image of
This is equivalent to the following two equations:
is a self-adjoint operator, equation (A1) implies by elliptic regularity thatŵ 2 ∈ C k+1 ([0, 1], M ) and satisfies the equation
and the linearized boundary condition
In fact, when the Hessian is restricted to V then equation (A3) holds for all t = 1 2 , since the Hessian is a local operator. Thus, by continuity, equation (A3) holds for all t in any case.
From equation (A2) we deduce that
Using F (t, x) = ρ(t)f (x) we rewrite equation (A3)
This is an ODE in the vector space T w 0 M which we can solvê
We recall that (F, H) is a Moser pair, in particular, 
Therefore, the annihilator of the image of L w 0 ,η 0 ,H vanishes and thus L w 0 ,η 0 ,H is surjective.
Proof of Theorem 2.2
We recall that L = W 1,2 (S 1 , M ) and define the Banach space bundle
(4.1)
This operator is surjective by Proposition 3.2 since the pull-back of DS under the diffeomor- 
Proof of Theorem 2.5
Let f : M −→ R be such that 0 is a regular value of f . Then the characteristic foliation on Σ = f −1 (0) is spanned by the Hamiltonian vector field X f of f . Then for a generic f the set
is discrete for all τ > 0, see [CF07, Theorem B.1]. We fix such an f .
Remark 5.1. In the special case (M, Σ) = (T * L, S * g L) from section 1 the previous assertion is a classical result about bumpy metrics g which goes back to Abrahams, [Abr70] . Indeed, closed Reeb orbits on the unit cotangent bundle S * g L are precisely closed geodesics in L with respect to the metric g. Choosing a bumpy metric means by definition that closed geodesics are critical points of a non-degenerate functional. In particular, closed geodesics with bounded period are isolated. The result going back to Abrahams then is that bumpy metrics are generic.
In particular, Theorem 2.5 can be rephrased that for a generic metric the set H 1 2 ||p|| 2 g is generic in H.
We use the set-up from the proof of Theorem 2.2. We define the evaluation map
From Proposition 3.2 together with Lemma 5.2 below it follows that the evaluation map ev H := ev(·, ·, H) : CritA F H −→ Σ is a submersion for a generic choice of H. Thus, the preimage of the one dimensional set R τ under ev H doesn't intersect CritA F H . Therefore, the set
is generic in H for all τ > 0. Now, the set H f is a countable intersection of the sets H n f , n ∈ N. This proves the assertion of Theorem 2.5.
The following Lemma we learned from Dietmar Salamon.
Lemma 5.2. Let E −→ B be a Banach bundle and s : B −→ E a smooth section. Moreover, let φ : B −→ N be a smooth map into the Banach manifold N . We fix a point x ∈ s −1 (0) ⊂ B and set K := ker dφ(x) ⊂ T x B and assume the following two conditions.
(1) The vertical differential
For convenience we provide a proof here.
Proof. We fix ξ ∈ T φ(x) N . Condition (2) implies that there exists η ∈ T x B satisfying dφ(x)η = ξ. Condition (1) implies that there exists ζ ∈ K ⊂ T x B satisfying Ds(x)ζ = Ds(x)η. We set τ := η − ζ and compute
thus, τ ∈ ker Ds(x). Moreover,
proving the Lemma.
6. Proof of Theorem 1.1
As explained in Remark 5.1 for a generic Riemannian metric g, Theorem 2.5 asserts that for H ∈ H 1 2 ||p|| 2 g the perturbed Rabinowitz action functional A F H is Morse, where Thus, we conclude that proving the existence of infinitely many leaf-wise intersection points is equivalent to proving existence of infinitely many critical points of A F H . The latter follows now easily from the following three theorems since they imply that the Rabinowitz Floer homology HF(A F H ) of A F H , which has been defined in [AF08, Section 2.2], is non-zero in infinitely many degrees. In particular, A F H has to have infinitely many critical points. 
